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Abstract. For G a locally compact group and G its dual, let Id(é) be the C*-
algebra generated by the Fourier-Stieltjes transforms of the discrete measures on G.
We show that the canonical trace on .I,,(é) is faithful if and only if G is amenable as
a discrete group. We further show that if G is nondiscrete and amenable as a discrete
group, then the only measures in Id(é) are the discrete measures, and also the sup
and lim sup norms are identical on Ia(é). These results are extensions of classical
theorems on almost periodic functions on locally compact abelian groups.

We present here some results dealing with nonabelian extensions of the theory of
the von Neumann mean on the almost periodic functions. These results were pre-
viously announced in [3]. For G a locally compact group, let G be the dual of G.
For 7 € G and p € M(G), the measure algebra of G, let =(x) be the Fourier-Stieltjes
transform of u at m. Let |u]. be sup {|=(u)| : = € G}, and let #(G) be the C*-
completion of M(G) relative to the norm ||- || ,. Let #,(G), #,(G) be the closures
in #(G) of LY(G) (the space of measures absolutely continuous with respect to left
Haar measure), M,(G) (the space of discrete measures) respectively. The algebra
#(G) is a nonabelian analogue of the classical algebra of almost periodic functions.

In §1 we give some results dealing with the topology of G and also the spectrum
of #(G), denoted by «G. In the abelian case this is the closure of the dual group of
G in the spectrum of M (G). We define the von Neumann trace on .#(G) and derive
some consequences.

In §2 we investigate the C*-extension of the canonical projection which maps a
measure to its discrete part. This makes possible a characterization of the null space
of the trace, and a proof that «G\G contains a homeomorphic copy of the reduced
dual of G, the group G made discrete.

In §3 we show that the trace is faithful on .#,(G) if and only if G, is amenable.
We further show that if G is nondiscrete and G, is amenable then the sup and lim
sup norms are identical on /,(G), and if u € #,(G) then u € My(G).

1. For G a locally compact group, we write M(G) for the measure algebra of G,
namely the set of finite regular Borel measures on G, My(G) for the discrete
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measures in M(G), and LY(G) for those measures in M(G) which are absolutely
continuous with respect to left (equivalently right) Haar measure. Then M,(G) is a
closed subalgebra of M(G) and L*(G) is a closed ideal. We define an involution on
M(G) by u*(E)=(w(E ~1))~ for each Borel set E<G, p e M(G).

DEFINITION 1.1. The dual of G, denoted by G, is the set of equivalence classes of
continuous irreducible unitary representations of G. As usual, however, we will
take G to be a set of representations, one from each class; so if 7 € G, then mis a
continuous homomorphism of G into the group of unitary operators on a Hilbert
space ;.

DEFINITION 1.2. For p€ M(G), m€ G, let m(u)= o m(x) du(x), a weak integral.
Then =(k) is a bounded operator on J, with |7(u)| £ |||, and m(u*)=m(p)*.

REMARK 1.3. Now = is an irreducible *-representation of M(G) on 5, (see
[1, p. 317]).

DEFINITION 1.4. For pe M(G) let |p|o=sup{|=(u)| : 7€ G}. Note that
4]l » =0 implies »=0 (see [1, p. 317]). Let #(G) be the completion of (M (G), || || ),
then #(G) is a C*-algebra, and M(G) is identified with a dense subalgebra. Denote
the spectrum of .#(G) by «G. Recall the spectrum of a C*-algebra is the set of
(equivalence classes of) irreducible *-representations furnished with the Zariski
topology induced by the kernels of these representations, the primitive ideals (see
[1, p. 60]). Further let .#,(G) be the closure of L}(G) in #(G), thus #,(G) is a closed
ideal. Finally let .#,(G) be the closure of M(G) in (G), so M,G) is a C*-sub-
algebra.

DEFINITION 1.5. For S<«G let A (S)={¢ € #(G) : m($¢)=0 for all = € S}. Then
H(S) is a closed ideal in #(G). Let #(S)=.#(G)/A(S) be the quotient C*-
algebra (see [1, p. 17)).

The topology on «G may be defined as follows: for subsets S, T of «G, ST if
and only if #(S)>A(T). It is known (see [1, p. 65]) that «G is a compact topo-
logical space, but not necessarily T,. Further G is identified with a dense open
subset of «G, since G={mr € kG : n(M,(G))#0} (see [1, p. 61]).

The left regular representation of G is defined to be the left translation operation
on L2(G) (L?-space of left Haar measure), that is, the map x > A(x) where A(x)f(y)
=f(x"1y) for x, y € G, f € L%G). Then the reduced dual of G, denoted by G,, is the
set of {m € G : = is weakly contained in A} (see [1, p. 317]). For p € M(G), A(p) is
given by Ap)f=p  f, f € L*G), then let

lell; = M) = sup {lw x fll2 : f€ LXG), | ]2 = 13-

An equivalent definition of the reduced dual is {m € G : |n(n)| < |u|, for all
u € M(G)}. Then ||u|,=sup {|=(n)| : = € G,}. Observe for p e M(G) that |u|,=0
implies ©=0 so that #(G,) N M(G)=1{0}.

We now define a trace on M(G) and extend it to #(G).

DErINITION 1.6. For e M(G) let Tr (u)=pfe} (e is the identity of G). Then
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ITr ()| £ |||l < |l » (see [2]), so Tr extends uniquely to a bounded linear func-
tional on #(G).

The functional Tr has the following properties, where u,ve M(G) and wv
denotes the convolution of p and v:

(1) Tr () =Tr (vu) =xec i{xPix =1},

(2) Tr (p*p)=3req 1{x}[>20. )
Since measures of the form p*u are dense in the positive cone of #(G), we see that
Tr is actually a finite trace on .#(G), that is, Tr (¢)) =Tr () and Tr ($*¢) =0 for
¢, ¥ € M(G). i

DerNITION 1.7. Let null Tr={¢ € #(G) : Tr ($*¢)=0}. Then by the Cauchy-
Schwarz inequality and other obvious reasons null Tr is a closed two-sided ideal
in 4(G).

Observe that Tr (¢)=0 for ¢ € null Tr and further that A4°(G,)<null Tr, for if
é € #(G,) then 0<Tr ($*4) < |$*4|, =0. If G is nondiscrete then .#,(G)<null Tr.

2. Denote the locally compact group G made discrete by G,. Then G, is the dual
of G4 and is also the spectrum of #(G,)=.4,(G,)=.#,(G,). Each = € G gives an
irreducible unitary representation of G, thus G is identified with a subset of G,.
We denote the closure of G in G, by Gg. It does not seem to be known whether
Gae=G,4in general, although it is true in the abelian case.

Further denote the reduced dual of G, by G,,, the set of = € G, which are weakly
contained in the left regular representation of G, on /2(G;). Observe that M(G)
can be identified with M(G,), and #,(G) =~ #(G,.). The trace Tr is also defined on
M(Gy).

THEOREM 2.1. There is a unique C*-homomorphism of P M(G) onto M(Gg,)
such that, for we M(G), Pu is the discrete part of u, and kernel P>A(G,) (see
Definition 1.5).

Proof. Let e M(G) be written as p=pug+pu,, wWhere py is discrete and p, is
continuous (zero on countable sets). We now show that |u, e < |u|, where

”Nd”dr = sup {”"(l"d)" L TmE Gdr} = sup {”#d xfla: f€1%(Go), Hf”z =1}

so we will show that |ug x| < |k, f]l2 for f€1%(G,;). We may assume that p,
and f are finitely supported. So there are finite sets {x;}7-,, {y;}7=1 in G, with y; =e,
and complex numbers {a;} and {b;} such that f(x;)=a;, i=1,...,n, and f(x)=0
otherwise; and py,=2;b; 38, (3, is the unit mass at y). Let E={y,x; : 1Si=n,
1<j<m}, and let U be a compact neighborhood of e such that zU N z'U=2
whenever z, z' € E and z#z'. Another smallness condition will be placed on U
later. Now let g=>7.; a;xx,v € L*%(G) (Where yx; is the characteristic function of the
set E), then

lelz = (m(U))l’z(Z |ail*)™ = (m(U)*] 1]

(m is left Haar measure on G).
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A simple computation shows that

(:“'d'*'l"‘c) *g(v) = z ( Z aibj)XzU(v)+ 121 aip.c(vU“lx,‘l) (fOI‘ vE G)

2€E \yjxi=2

The first term on the right side is 0 off EU. Now

esgli=[ lorglan+ 5[ | S ab+ S aneu iy
G\EU 2€EJ2U  |ypxi=2 i=1
> m(U){( S

2y 1/2 n 2
Z ab, ) — sup Z ap(oU " *x;Y) }
2€E i=1

Yxi=2 veEEU
(Cauchy-Schwarz),

’ dm(v)

provided that the second term in {-} is smaller than the first term, which is easily
computed to be |, *f|l.. Now we make the second term arbitrarily small by
suitable choice of U. Observe that for v € zU some z € E we have that

|pc@U x| S p|(UU %Y, 1 Sisn

But |u.| is continuous, so for e>0 and E={z,}}.,, there exists for each i, j, with
1=i, j£ N a neighborhood V;; of e such that |u,|(zizj Vi) <e. Now let U further
satisfy the condition UU ~*< (¥, _, (z7 *Vyz;), then |n.|(z,UU ~'z7 ) <& for all i, j.
Recall {x;}7_; < E, since y, =e. Now for e >0, we can pick U so that |u|(zUU ~*x; 1)
<e/>7.1|a;] for each zeE, 1Zi<n. Thus m(U)(|pa*f]2—e)?<|n* 2|3
Sel?lglz=mU)|u|2 | f||3. The map p+> p, thus extends to a C*-homomor-
phism of #(G) into #(G,,) with dense range, hence onto [1, p. 18.]. [

COROLLARY 2.2. For ¢ € #(G), Tr (P$)=Tr ($).
Proof. For p € M(G), Tr (Pp)=pfe}=p{e}=Tr (n). O

THEOREM 2.3. The trace Tr is faithful on #(Gy,), that is, ¢ € M(Gy,) with $=0
and Tr ($)=0 implies $=0.

Proof. We use the method of von Neumann [5, p. 484]. Observe that any
bounded operator T on /%(G;) which commutes with all right translations is of the
form Tf(x)=>,cc Fr(xy~1)f(y), where Fr is a square-summable function on G4
(this is not a sufficient condition to be a bounded operator). Clearly #(G,,) is a
C*-algebra of such operators, and Tr (¢)=Fs(e). Now if ¢ =0 then ¢=4*J for
some ¢ € A(G,,) and Tr (¢) =S ,ec |Fy(3)|2, 50 Tr (¢)=0 implies =0. [J

COROLLARY 2.4. The kernel of P=null Tr (as ideals in #(G)).
THEOREM 2.5. For p € My(G), ||i]lar < |iells £ 1]l o ; and thus G 4> G,

Proof. The norm inequalities are from Theorem 2.1 and show that A" (Gar)
S (Gy). O L

Now we observe that if G is nondiscrete then «G\G contains a homeomorphic
copy of Gg,.
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THEOREM 2.6. If G is nondiscrete and m € G, then = o P is an irreducible repre-
sentation of #(G) and w o P € kG\G. Further the map = — m o P is a homeomorphism.

Proof. In fact #,(G)<kernel P, and P maps #(G) onto #(G,,). O

DEFINITION 2.7. Let G be nondiscrete and S=G. Then define a seminorm on
M(G), called S-lim sup, to be the quotient norm of (S)/#,(S). Recall #(S)
=M(G)|H(S) and M(S)=M(C)[(N(S) N ,(G)).

The algebra #(S)/.#,(S) can also be viewed as the quotient algebra .#(G)/
(M(G)+AH(S)). Note that ,(G)+.#(S) is the closed two-sided ideal generated
by #,(G) and A(S); see [1, p. 18].

PROPOSITION 2.8. Let S, T<G with S<T, then
S-lim sup (¢) < T-lim sup (¢) for each ¢ € #(G).

Proof. Since S<T we have #°(S)> A (T)so there is a canonical *-homomorphism
Jj of #(T) onto A(S). The kernel of M (T)— M(S)|M,(S) is j~*#,(S) which
contains A,(T). [

REMARK 2.9. If G is compact or abelian then the G-lim sup is identical to
lim sup,_,  |7(¢)| =infx {sup |=(#)|, = ¢ K}, K a compact subset of G, for ¢
€ #(G). In the general locally compact case we are only able to show that
lim sup,_, o |m(¢)|| < G-lim sup (¢) for ¢ € #(G).

THEOREM 2.10. If G is nondiscrete, then G-lim sup (¢) = G,-lim sup (¢) 2 || Pg| o
for each ¢ € #(G).

Proof. The following chain of inclusions of ideals holds: #,(G)<.#,(G)
+A#'(G,)<kernel P. [

3. DErINITION 3.1. A locally compact group G is said to be amenable if there
exists a left invariant mean on the space of bounded continuous functions (see
[4]). Equivalent characterizations are that G=G,, or that the representation
G — {1} is in G, (see [6]).

Under the assumption that G, is amenable, we can prove direct extensions of
certain abelian-case theorems.

PROPOSITION 3.2. Guo=G,, if and only if G4 is amenable.

Proof. If G, is amenable then G;> G, > Gy, =G, If G, is not amenable, then
G, — {1} is not contained in G, but it is contained in G4.. [

THEOREM 3.3. The trace Tr is faithful on My(G) if and only if G4 is amenable.

Proof. Observe that #,(G)~.#(G,.), and (kernel P) N MYC) =N (Cg)| N (Goo).
But kernel P=null Tr, so Tr is faithful on #,(G) if and only if (null Tr) N A,(G)
={0} if and only if #(Gy)=AH"(Gy). O

If G, is amenable then so is G, thus G=G,.
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PROPOSITION 3.4. If G, is amenable then P|.#,(G) is an isomorphism onto M (Go).

THEOREM 3.5. If G, is amenable, ¢ € M,(G), then G-lim sup (¢)=||¢||. Further
if ne M(G), then || » 2 G-lim sup (1) 2 | Pu| o = G-lim sup (Pu).

Proof. Let p, be the discrete part of u e M(G), then by Theorem 2.10 |||
2 G-lim sup () Z | Pee] o= [ allar = | 1tallac= [lta]l - Now extend to Ay(G). O

THEOREM 3.6. If G, is amenable, then M(G)=MG) D M(G), where MLG) is
the closure in M(G) of the set of continuous measures in M(G). Further null Tr
= c(é)

Proof. We saw above that P|.#,(G) is an isomorphism onto .#(G,), so that we
can define a unique C*-projection P’ on .#(G) whose range is M,(G), such that
P’(1) = pq, Where y, is the discrete part of u € M(G). Observe that null Tr=kernel P
=kernel P'=(I—P')#(G) (where [ is the identity operator). It now suffices to show
that (I—P").M(G)=AM(G). If we M(G) is continuous then (I—P)u=p—P'p=p;
thus (/—P')¢ =4 for any ¢ € #,(G). Conversely let ¢ € kernel P’, then there exists a
sequence of measures {u,}< M (G) such that |u,—¢|. = 0. Then

II=PYpn=¢lle = [T=P)pa=P)]w £ [1ta—¢]w 50,
and each (/—P")u, is a continuous measure. []
COROLLARY 3.7. If G, is amenable and p € M(G) and p € My(G) then p € My(G).

Examples. Any solvable locally compact group G has a solvable discrete group
G4, which is thus amenable [4, p. 9]. If G, contains the free group on two generators
then G, is not amenable. For example if G contains SO(3) (the rotation group on
R?®) or SU(2) (the group of unitary matrices on C? of determinant 1) then G, is not
amenable [4, p. 9].

Also if G is not amenable then G, is a priori not amenable. The noncompact
semisimple connected Lie groups are examples of nonamenable groups.

If G is locally finite, that is, any finitely generated subgroup is finite, then G is
amenable (see, for example, [4, p. 30]). A large class of examples of locally finite
groups is constructed as follows.

THEOREM 3.8. Let {Gy: A€ A (index set)} be a set of finite groups such that
sup, (order G,) <o, then the complete direct product G=[Trea Ga is a locally
finite compact group and thus G, is amenable.

Proof. We may assume that each G,=H, some fixed finite group (since any
subgroup of a locally finite group is locally finite). Write g € G as g=(g))aca, & € H,
and let H={h,, . .., h,}. Each g € G defines a finite partition {E(g);}{~, of A, where
E(g)i={A:ga=h}. Let {g@, ..., g™}=S, a finite set in G, then for any g € Gp (S),
the group generated by S, the function A > g, is constant on each set E(gV),,
N -+ N E(g™),, | Si;Sm. These sets form a finite partition of A with at most
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m" elements. But the function A+>g, is finitely valued, thus order (Gp (S))
é mn+ 1' D
This proof was pointed out to us by our colleague L. Pitt.
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